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Information for students

Notation:

(a) Random variables are shown in Tahoma font. X, X, X denote a random scalar, vector and
matrix respectively.

(b) The size of a set 4 is denoted by |4].
(c) © denotes the exclusive-or operation, or modulo-2 addition.

(d) “i.1.d.” means “independent identically distributed”.
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b)

Information Theory

Let the joint distribution of two random variables xand y be given by

The Questions

Xy =0 ¥l =2

Xx=0 1/4 0 0
x=1 0 1/4 0
x=2 0 1/4 1/4

Compute:

i) The entropy H(X), H())

ii) The conditional entropy H(X)), H(}X)

iii) The joint entropy H(X))

iv) The mutual information /(x;))

V) Draw a Venn diagram for the above quantities.

[10]
Let X and y be two independent discrete random variables taking integer values.
Xis uniformly distributed over {1,2, 3,4} and P(y =k) =27, k=1,2,3,--.
i) Find H(X).
ii) Find H().
iii) Find H(x+ y, x— ).

[7]

Let X and X; be discrete random variables drawn according to probability mass
function py(.) and p,(.) over the respective alphabets X; = {1,2, ..., m} and Xz =
{m+1, ..., n}. Let

. X,  with probability &

- X,  with probability 1 -«
Find H(X) in terms of H(x), H(%) and «.
(8]
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a)

b)

Consider the rate-distortion function R(D)=minI(X;X), E, ,d(X,X)<D, where E, ,

denotes the expectation with respect to X, X . Justify each step in the following derivation

of the rate-distortion function for a Bernoulli source

X ={0,1}, py ={1- p, p} (p<1/2), and d(x,%) = x® 2. In the following, (1), (2), ..., (6)

are the step numbers.

(U]
If D> p=R(D)=0;
If Dz p=lil,

106GR) 2 HO)— H(x | )= H(p) - H(x ® £| £)

S H( p)- H(x® %)> H(p)- H(D) = R(D)> H(p)~ H(D).

Huffman coding. Consider the probability distribution of a random variable x:

X, XX, X X

X :
(o.os 0.05 025 02 0.15 0.3J

i) Find a binary Huffiman code for x.
ii) Find the expected code length for this code.

Lempel-Ziv coding. Consider the following all-zero sequence of length »:
Xx "= 00000000000...

i) Give the LZ78 parsing and encoding. You may simply use numbers 1, 2,

3, ... to represent the locations.

it) Show that the number of encoding bits per symbol for this sequence goes

to zero as n —> o0,

(%]

(6]

(10]
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a) Calculate the capacity of the following channels with probability transition
matrices
1/2 1/4 1/4
i) Q=(1/4 1/2 1/4] x,ye{0,1,2}
1/4 1/4 1/2
1/3 1/6 1/2
i1 = xe{0,1}, ¥y €{0,1,2
) Q [U’S’ 1./2 1;’6:’ OB, red }
[8]
b) Compute the capacity of the concatenated binary symmetric channel shown in
Fig. 3.1, where the cross-over probabilities are p and g, respectively.
0 & 0 > 0
1 1 1
Fig. 3.1. Concatenated binary symmetric channel.
(7]
c) Fano’s inequality. Consider the Markov chain shown in Fig. 3.2, where X is the

channel input, yis the channel output, and the estimate of X is simply X = y .

Fig. 3.2. Markov chain.

The input alphabet X' = {1,2,3,4,5}, probability mass vector p,= [0.35, 0.35, 0.1,
0.1, 0.1]. The output alphabet ¥ = {1,2}; if X< 2, then y = x with probability 6/7,
while if x> 2, then y= 1 or 2 with equal probability.

i) Compute the actual error probability.
i) Compute the conditional entropy H(x| }).
iii) Using Fano’s inequality H (X | y) <1+ p, log(] X | —1) where P, is the

error probability, compute the Fano bound on the error probability, and
compare with i).

[10]
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b)

c)

With reference to Fig. 4.1, justify each step in the following proof of the converse of the
Gaussian channel coding theorem. That is, if the error probability

P™ -0 and n'x"x <P for each X(w)= X,,, then the rate R <':log (l +PN™ ) .
Here P is the signal power, while V is the noise power. (1), (2), ..., (9) are step numbers.

wel:M % [ Noisy | /i» [Decoder| WeO:M
——{ Encoder — > —
Channel 2(y)

Fig. 4.1. Communication over a noisy channel. M = 2%,

m @ ®
nR=HW)=I1W;y,, )+ HW|y,) S I(X,: V) +HW| )

“ (5) &
=h(y,)—hY i | X )+ HW Y, ) S Y W) -hZ,)+HW | y,,)

i=l
(6) n () .2
<Y (X)) +1+nRP <3 Yalog (14 PN )+ 1+ nRP®
i=1

i=]

(8) %) |
= R<Vilog(1+PN™')+n" + RP™ = R<%log(1+PN"') as n—>o

[10]
Calculate the differential entropy of a zero-mean Gaussian random vector with
correlation matrix
I 2
K= S
2l
[5]
Slepian-Wolf coding. Let (X, ) have the joint probability mass function
p(xy) 1 2 3
1 a B B
2 B | «a B
3 Y] o
YA 5

wher g- +3a= 1. (Note: this is a joint, not a conditional, probability mass function.)
i) Find the Slepian-Wolf rate region for this source.
i) What is the rate region if = 1/3?
[10]
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