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Information for students

Notation:

(a) Random variables are shown in Tahoma font. X, X, X denote a random scalar, vector and
matrix respectively.

(b) The size of a set 4 is denoted by |4|.

(¢) The normal distribution is denoted by N(x;1,0°) = .

J2ro

(d) ® denotes the exclusive-or operation, or modulo-2 addition.

(e) “i.1.d.” means “independent identically distributed”.

(f) Entropy function for a binary source H(p)=-plog, p—(1- p)log,(1- p); its derivative
H'(p)=log,(1- p)—log, p.

(g) C(x) =%log2(l +x) is the capacity function for the Gaussian channel in bits/channel use.
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The Questions

a) Let the joint distribution of two random variables Xand y be given by
Xy y=0 il y=2
X=0 0 1/8 1/8
x=1 1/8 1/8 0
=P 1/4 0 1/4
Compute:

i) The entropy H(X), H())

ii) The conditional entropy H(X ), H(MX)
it) The joint entropy H(X;))

iv) The mutual information f(x; )

v) Draw a Venn diagram for the above quantities.
[10]

b) Let X be a discrete random variable taking integer values. What is the general
inequality relationship between H(X) and H()) if

i) y=e"
ii) y=sin(x?).
(8]
c) Let xbe a discrete random variable. Show that the entropy of a function of Xis
less than or equal to the entropy of X; i.e., H(f(X)) < H(X) for any function f.

(7]
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a)
i) Explain what is meant by a uniquely decodable code.
ii) Explain what is meant by an instantaneous code.
1) Suppose an instantaneous code for a source X has codeword lengths /;,

x|
b, ..., Ix. Use the code tree to justify the Kraft inequality 22"*‘ <1 for
i=l
any discrete sources. The following example shows such a tree for a
four-symbol source and is only meant to be a hint.

0 Ap

Fig. 2.1. The coding tree.
(10]

b) Lempel-Ziv coding. Give the LZ78 parsing and encoding of the following
sequence:

11001011010100110110101

[Note: For this question, you will see less than 15 phrases; so ALWAYS use four
bits to represent the location of a phrase. Do not worry about how to save such
bits.]
[5]

c) If x, € {A,B} arei.i.d. with probability mass vector {0.8,0.2} . Using binary

Huffman codes, determine the coding redundancy (i.e. the difference between the
entropy and the number of bits used per symbol) when

1) Each x, is encoded individually,
i) Pairs of x, are encoded together (i.e. x,x, followed by x,x, etc) and

1ii) Triplets of x, are encoded together.
(10]
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a) Justify each step of the following proof that mutual information is concave in the
input distribution.
Proof: Consider two random variables ¢/and v with probability mass vectors p,
and p,. Define a Bernoulli random variable Zwith p(z=1) = 4 Let x= vif =1
and x=vif 2=0. Thus,

p, =Ap, +(1—Dp,.
Since I(x,z;y){i)f(x;y)+f(z;y | X)ZJI(Z; V)+l(x,y|z)
and1(Z;y | x) = H(y | )~ H(y | x,2) 20,
We have 7(.x; y)(gf(x;y | Z)
SAGy 1 z=1)+1- DIy | 2=0)
2 AW ) +A-DIW;y)

©)
=1(x;)y)is concavein p,.

(9]
b) Calculate the capacity of the following channels with probability transition
matrix
1/2 1/2 0
i) Q= 0 1/2 1/2| x,ye{0,1,2}
/72 0 1/2

p 1-p O 0
1- 0
i) Q= 7 ?
0 0 qg l-g
0 0 1-g g
[Hint: This channel is a union of two binary symmetric channels (BSC),

whose capacity C satisfies 2€ =2 + 2% where C; and C, are the
capacity of the BSC’s.]

X,y e{0,1,2,3}

(6]

c) Consider a cascade of » identical independent binary symmetric channels (BSC),
each with raw error probability p. No encoding or decoding takes place at the
intermediate terminals Xj, X7, ..., X,. Show that it is equivalent to a single BSC

with error probability 1(1—(1-2p)"), compute the channel capacity and
comment on it limit as n tends to infinity.

Xg X 1 Xn-l Xn
—s{BSC |, ..., — 4| BSc|

Fig. 3.1. The cascade channel.
[10]

Information Theory © Imperial College London page 4 of 8



a) Given a correlation matrix K of zero-mean continuous-valued random process, it
is well known that the Gaussian distribution

o(x) =[27K| " exp(—/ox"K ')

has the maximum entropy. Justify the steps in the following proof.
0<D(f [|9) =~ h, (%)~ E, log p(X)
= hf(x)g- (loge) E, (~Y2In(|27K]) - VX K 'x)
=y (loge)(In(|27K]) + tr(E, 2K "))
=% (loge)(In(j22K]) + (1))

6) )
=Yslog([27eK|) = A, (%)

(7]
b) Parallel channels and waterfilling. Consider a pair of parallel Gaussian channels, i.e.,
Yi XI Zl
= +
L) &) (%
where
Z 7
(23 2)
Z, 0 o,
and there is a power constraint E(X] + X;)<2P. Assume that ¢’ > o?. Compute the
channel capacity.
(8]
c) Let X be a non-negative continuous random variable with mean constraint, i.e., E[X] = m.

Show that the exponential distribution f(x)=Ae™, x>0, (m=1/1) has the maximum

differential entropy #(x)=—[ f(x) log,f(x)dx = log,(e/A).

[10]
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a) Consider the rate-distortion function R(D)=min/(X;X), Exjd()(,,\’) <D . Justify each

step in the following derivation of the rate-distortion function for a Gaussian source
X ~ N(0,67%) and d(x,%) = (x—%)°.

L ) s
I(x;X)=h(x)—h(x | X)="2log2rec? —h(x — X | X)

(3) (4)

2Yslog 27e0” — h(x - X) 2 Vs log 27re0” — Y4 log(27e Var (x - X))

®)
> log2rmec?® —Yslog2meD

(6) o’
= R(D)Z=max| ¥ logE,O

[6]

b) Consider the inference channel in Fig. 5.1. There are two senders with equal power P,
two receivers, with crosstalk coefficient a. The noise is Gaussian with zero mean and
variance N. Show that the capacity under very strong interference (i.e., a* = 1 + P/N) is
equal to the capacity under no interference at all.

Z,~NON)

Z;~NON)
Fig. 5.1. Interference channel.

(]

c) Consider a two-user multiple access Gaussian channel with reference to Fig. 5.2, where
C(x) is the capacity function, N is the noise power, and P, and P, are the powers of the
tWO users.

Tl oAR)"

Fig. 5.2. Capacity region of multi-access channel.
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The “quarter circle” in Fig. 5.2 is the capacity region of FDMA

RlsW,C(i], stwzc( 5 ]
N, NW,
where N, is the single-sided power spectral density of the noise. Show that the
FDMA region is not larger than the capacity region of the multiple access
channel (i.e., CDMA region) with the same bandwidth W = W, + W,. (Hint: the
function xlog(1+1/x) is increasing and concave for x > 0.)

[10]
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6. Consider discrete-valued random vectors X and Y of length n where each pair (X, })) is
drawn i.i.d. from the joint probability distribution function pyy(x,y). The jointly typical set
J is the set of vector pairs satisfying the following conditions:

Jﬁﬂ} ={X,Y 3 I—n" log, p, (x)— H(x)l <eg,
|_n_] log, p, (¥)- H(Y)| <e,
|-n"log, p,,, (x,y) ~ H(x,y)| < £}

where py(x) and p () are the probability distribution functions of X; and J; respectively.
Since the sequences are i.i.d., the probability p, (x)= H; Py(x) and p, (x) and

Py, (X,¥) can be written in a similar fashion.

a) Let X and / be mutually independent random variables with probability distribution
functions p,(x) = p.(x) and p,(y) = p,(y") respectively. Generate vectors X’ and y’
where each pair is also i.i.d. Show that the probability that X" and Yy’ are jointly
typical is small by justifying each step (1) to (7) in the following derivation:

m

(2)
p(xty'e )= 3 pxty)= Y p(X)p(y)

xyest xlyes!

) %) ®) .
p(x |’y|E J‘(‘n)) S|J§"}|xr$.g p(x |)p(y |) S 2"{H(X,)’)+E}2—PI[H{X]-£)2—H[H(}'}—£) il 2"'8“(»\‘ ¥=3g)

" {m)
£

e s) S

b) Suppose n =35, £= 0, and the joint distribution p(x,y) is given by
Pafx)) JFro y=1
x=0 1/5 1/5
x=1 2/5 1/5
(X, ), (6, V), -, (X, ) are drawn i.i.d. from the above distribution.
1) Show that sequence x is in the typical set
L ={x: |—n"' log, p, (x)— H(X)| < ¢} if and only if X contains three 1’s.
Compute the probability P(xe A" (x)) of the typical set.
i1) Of the 32 possible sequences y, how many of them are in the typical set
A" (Y)={y:|-n"log, p, (v)- H( ¥)| <&} ? Compute the probability
P(ye A" (Y)) of the typical set.
iii) Compute the probability P(X,ye J") of the jointly typical set.
[15]

Information Theory © Imperial College London page 8 of 8

M ® |
1'1'1inl : p(X)p(YyH=(1- 5)2”““”-"’"5}2"'(”‘”*‘}2"’(”m*" >(1 _g)z—n(r{x,y;+3g}
x'\yeJl."

(10]



f“i‘b {Y\a"‘ n 'Lf(/ (:7 \& LLK T L A \ —————

l [-J - b TENL \.I'”K
¢ i
u\} f\\u.j '\ﬂ'k LTy botdom ]‘ X o \E ~ Rl k:._?\lul‘-‘)ltt
| A = hew pptication
D F{_x;c) = 7 P =) = 4 pcx*i‘f:":‘“‘
. Eeto
H{A} & i “j 4 + 4_ {Uc & 4 -‘; {j Z % J, Z__L;)
= o
/1"[5&;;}; YR f ostrbubron ..7’ \/
ok . ;
iy 5 R i o 5 NE s
P{\/e—b) K f)(/_f)wff_ ['(?/:2’)'—_,_&;' PL_]
H(\/) =% ‘lbj = 4 lj $ 5 ] ‘;) = ]’;é

\ i) Cond ftf‘“u‘{ Jéwt'#’*f\?y H(YU() & Cuté-r-&,%& Vew) (—i;.\,h'ol)\/
H(’y(ﬂ) = px=v) H(y(x:c) + p(X=1) HU/[X=21) + PiX=2) Hlylx=2)
= £ HE) + F k) + 4 Hed)

= | 2 E]
(3) Py HL) + py=2) Hed)

- % o918 + ZLf.‘i + ??, -Gy

= 0.94

D) HOGy )Y = H) + Hiylx) = < + 1 = 5 s 2E

H{X1Yy) = ply=o) |

V)Y LU y) T HK

(2E]
V) WM} thlx) 23]
b)Y 1) Hw = ) 4 E]
Y HO) = HK) [4E]
) HGFOOL X)) = HBO + HEWIX) = HGo+0 = 1w

= HG) + HO fo)) > N o)



~ .
i [N ,] ) y
i ~ [0 bl foc ._.,’” i | : .
Lils .‘_.L'\; L ccad bl W €L g ] S sk i v
¢ % v E ledat il medans t— i ‘{‘ L bive ]’Pi i "‘_?I })L"‘(‘LV{ € h h.Lj (IR § i% B_]
amd ooty s o —te —one, el \{T'{.L-rc 'S Re dmb r'\j e ]L/ el ﬂ@(u((ﬁ;
o * :_ g el - > '
[ ) PBLST G ff&lu&. QW) R H‘—f’“"t {-{"“Q- cedewell  ave roasteatane u-‘u.jl/

de“’d able, e, e Cedbwyrds e @ P ?uf Fx J{‘ casther  cedewored
; i o
- | 3B]
- ) e Plc Tl S - h"} 1 wWhere cachy node ha § et mes T
LY
t".'vv'i} ]J Fikh € he e " Cod€y ..'nLS vy t—k;;_’ Ly ey

Cw\ﬁt {'_{"\e ]\U\_hlbii-'r" ;T‘
bronckes 5Ter t'{‘m'} ﬂfr:«m tle ot 78 tle (e ihj’{"\ G“-I; Hre Cacle wirgf
1’\, 2 (L5 ‘-j h {) rely b i‘l‘tty ] t{) '&L\G’:‘. ré C‘t \ C\.v‘-ﬁ,l Ci hot Li{_ ¢ h {@ u'r.f;_l L

N Fm«. bab ,‘[,‘I‘"’y 5 Clvrows (y, He pre beb, ('Eies gf all leavcs

- Yy
;'S ever g reater € lgen —-:> pa g i ;
P S j € ¢ Z : i5 L4" B ]

] I,!U‘,C, 1L 1eld o thyol, jolo| L;E]
loeakin: L % 3 4 5 6 7 2 3§ |

| 8 I o

&_nc.oc(*'*"a_ \DC-L’:-C; f')

3 | 3 5
(OL"]U} v ), (C'U'C‘[ ?!)l (UC'”; 1) (Ufb{ i k]

&) X = % c:uJ_ffy‘o.z - of (cyuy = ]2

f) ;’zeff.t«;u..ﬁfc«u(y = il = 0.“ 2 = )_8

]
/I (,’fvé.iu.t’j'..{\'-_ {‘f.-;u/'){_l';

S }I)rqq’ ':E’ 0.t —— C(}!;L ""“‘-—Jél}'
- 5

18 L eb bl = e 36 o L S
[ as o \,4 I = |Xebgd + rxedpd Kokt xoog
= ' . C 2 |
| o€ BA )‘f_} 1k o C- 1 - = (b4 +032 +0.6 2 E7
Zz, I :
. < i poey A = =
1| BA %‘? U R = L5
/:lae c wndo hey = _
LEd 072 = 6 78~072 = cuc 6
) .
I‘I . L ) L'
o AAA ¢-51y Bl = PR s sl il e B 3 ey —>
p . L B - : : % 1 €. =f E 4 o
(o AAB oy — o128 T 00ed — ot S 23 o5 zf:)L} e o
1ol ABHR o128 ~—pg2f — i;xu;?’ _— 2y \ E ¢-252
l{c BAA 28 __ e28 — o023 o (¥ S Yoy
i | ' o ABB Gt

.'_7 -
‘ 2% S o.o4 3 p.cbd "ii /.~“-)- o L—J L‘} L ]
II!|E;«’E B3 A B o352 \'\.C'C‘a.’_b& 7 :

- i o= .LL Ay v ({: (G‘“‘,‘j TI'.
e BBA con o g

. T xeSirt 3 XE3E + 5 X0 og
lllti F’IJ‘ 3 5‘.;\'5: .U - ll[gq_
) z’lét{mqic.at@/ o 2ay

= wigh Iy = BFa¥ = b0 260 Pt
2



4. a) ¢yv) totul prebability  theorem 7 ;
: | - LI B] each Step

{2y Chain ruix €3> Chan rule
(4) ;Li‘t [ Eien (57 RHtylx.z) =z HiylX) f X it koo, Z 75 Riown
t6) I(Z;‘{{X): MLylX) = My ¥2) =@
= L ) s L2 )+ LU v2) & Léx 12)
(1) fotud preb. Heayem
C3) Z:zt S Xz, zzo S X=V

s

( C{ ) th QT t &\;t Con LTIT Cow Cay 5 ~/
e {} (5 et TC Channel(

C & tOT]y{ ~ H(R,.) = (ojS —HG) = LY

C = Ly (2T ey

C) Thors ave 1 o : -
) There ave }nu,u), /)rwa_ Che ;s .b/ rilie eron s

C2 A]
lfl/lu,s;_ ozl ,78 = :-L (j—{f—;,!v) ) = /)

. [ A
3 :.7),}-:,5&. % Corre ot Y AV n= L -/ L 4 ]

HE )({_“““”P*‘U i(f—é-zw""’))‘ = il
7 P —i-(i‘ﬂ-zp)“.i | = /

(i~ t-2p"") p-,{('h(:-:_/n“)

C = I ~H(z0~(-2p))) 28]

A ; 5 "
(45 n-—> 2 (f*?-,)J >0 uwless

p=c

Thevefore C 2> | —H(L) =6

wJ



. iR ol eas
4—‘ Q) () D \ ?I: 14 ) s Noeliney I & L | b T ik l\ aRe j)
e
(24 LLF juition (3) « (gebra
(4)  €riAB) = trBA) (5) [ Xx" = K

-/
I

(é ) f P ) =n £ 1 ) Cf?iﬁ Crenbiaf e bﬂy}‘)’ »T (2 dusgiay

b) lt % LL;f%JL _ZP = J_, “ - :/-;L T‘[m,t f‘fw. C !lf'fi-“f'tc( 3’&1*1“‘5
(;’b b{:’, [u".,g,g, (/;\é'{ ﬁ'{m: L"‘il(\.-“ll-{{,(- 5 A E 'E-I

T

l-’l,/’[Lé.-u Q.P < Ui - g+ ’ all fveete p

(5 fuled Tuts the Second ¢ lanpe(

Tl-m . Ll E]
S C = ‘;“_ luj (l‘f* —0:,)",‘,)

k!

When 2P 2 gl g g

; S Ciduult(.g
v {—Ftleac( Wbl wake r [% E]
e s 2P L
lp:{,’;JrL-JL = Yz -E_f._’__T___P+J";+CT§
T
2
i > kS T
<_ - L iU (.\ I 2 P’ z ) z - ‘ +

=" Taeir L . ml-fﬂ‘)
; e
C) Ij: X has expenetiaf gffsh-,‘b../éf'u'n, they

moz ECxY = [0 jx oo dx = _;L [ 2]
Pl sntipy hOO= = [* foo tegfoo dx = 5.8 [ foo o frodx

_ e ey LK I . : 6
= =iy 5T Buid~ dx Jdx = ~leye s e EMlan ) = egee/n) pits
i—}'PPt){ relective i-i\'t’r.;;fj,y ’ ]{_IL“" u.*‘_,y L(r‘sfr.‘bwﬁ"w\ j‘
< PDigly) = ~ hg x) = Eg,{cjf(‘x) [2A4]
= holx) £ _ o T .
4 jt- L‘/r ( i A — /\X)

il

- lcje (ff.\ )\ == /\ E}y()(}) o —*irij-@ (éh/‘\ __{)
T legtesay = hpox) [3A]

4



) Crj CL{;T'- ST o LJ "‘] Cacl

wau & - p . T
C2) dify Grtalilitn, SRy 3T Gavssian,  Crans(ation  aper ance

%) Cbx\{-.( CCrow /i f}/ e B {:-m_]? 7
(4 ) (_; LSS T een RS OX T et {]7
(5) Q&u('fb\?)f‘ v-f Guwssoen

((: ) (2 rs i C‘t [,Lej ..tf Vg

b ) (7 thent :"—b‘b&r".}(—ﬁ Ve € - il ‘:l,; luj (H‘ _% ) [ 28]

lwith very styomg Twkerferen - (f“y“t"?(' X1 &S5 werse
)/ v f} v r"fe en € . >/; y(~|_5_{ ‘y f{Q(a(Egs g it ;ft)
: X 2

!

S’i.x).v Tr ILCfS i out ’ .er“ CIQLCL{Qb X‘ .

[38]

7[ Can C{QUJL(E X > L‘-—F to }’(.vte _DL_ {Oj (i + a’lf) )

C'an;u‘ty i $ nol Cfu&}uje(/ as

Lo @ A [48]
T bglUt 5w) 2 5 g (ir B)
5 o’ P ja P P+ N
= PtN %7 N = Aoz

C ) L’{/Ee/ n L’,Q-{..f Z,LL' & jt Gy %}uut

R, < c(i) l
K?_ “':‘: C C-t—}-) \ CD 'NIA )’éj,»‘(:s”

fm' FD/H 4
[ 2B]
noy s ch.‘r N = AoV

Rit R 2 (( P,;:’Q ) )

Wi - Pi (A ; PI .

— [oj (I-q- E*I} g icj(i ¥ A—;) g

i g B} . >, [2:\]
sl o) o

l"j L"Tgulj-%bétujtlT% ) & g—i [cCJ (] T_P‘_T_Pf) (3)

l‘.‘“"l

t”‘“e- he Cause X[Nj( i‘F-L ) TS fhorews ing

,J O e 1‘{
[ 1Al

5



(33
T-ol @

S
T
<

‘ foll K

L--L"
Y
v -
7

C,'f-'k‘ P
{ma hees Pi :
R [c 2 - f)}
i Pﬁ;
(m,) . —
S | = P -
z L/Drr QLV; TKIH,) Hh_lj;
_ P)| PWF) 4 ( B
o lf., _ J } %:
: | : ’ [+ P
log e e A | E
H‘hf’, 2 {Oj 0+ e 152_) |
W
2| )
) e |
cj | ,
(1 + J)ﬂ) _L |
L 2/
| (¢
Olfn.) | j (f
" P
A}
LJ_P\L]V)




D W definitien (18]

(2 ] a’\ IL{_'\..‘L__.(}.}_.I\C{‘J:‘}\ (€ L ” :{
(3) pex Per') € max pix ) pey’) LB
n (14 28§
P - ia . NH(X y) ¢ ) o [ B N | “
t4) /}9( ; < 2 ¢ \ 1’//0# (ol ':fl.a' (4 ) a.j-‘:)'” q L f BT
(6) pxsy's > smin pecty' LT Lppiealty (8) algebra () B
L B 281

I)) € =0 = ty ()"\C“L g‘(:_-% ernees e Hhese Conte/'hr k_?,

Covrack Pﬁtr‘cM uj[ o's anel (s

1 2 % 3o 2 -

1) pxEd= % pax=) =% Plxe A }(x)):tg (_‘)L%)Szo.ﬁfr’;é
D X7 typecad sjﬁ it covtmins gree [5A7

it g o L =iy = = b 2 3yt

) py=d=2 Pz =t Plye A 0)=Cs @j’(g) = 0345

= y s {—y'p-‘i&{ |‘j‘ it Conbarns two s
There we Cg)': 9 | ek Sep hdniey L’; Al

(h)

I‘llk f) N = (h) i . —(h Ch)
PGy € ) = pexye "I xe Aloo) PIx€EATx))

G GRS G RE) = und
L Y= :tn\ L4 |
el B T l yi=l eunt ‘[ 34 [5*’“

vihae =2 .
whisk i ivhin X;= 1

)
-
i



