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Information for students

Notation:

(a) Random variables are shown in Tahoma font. X; X, X denote a random scalar, vector and
matrix respectively.

(b) The size of a set 4 is denoted by |4|.

=?

(c) The normal distribution is denoted by N(xp,0%)= -

(d) @ denotes the exclusive-or operation, or modulo 2 addition.
(e) “i.i.d.” means “independent identically distributed”.

(f) Entropy function for a binary source H(p)=-plog, p—(1-p)log,(1-p); its derivative
H'(p)=log,(1- p)—log, p.

(g) Cx)= ~%log2 (1+x) is the capacity function for the Gaussian channel in bits/channel use.
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The Questions

a) Let the joint distribution of two random variables xand ybe given by
Xy ¥=0 !
x=0 1/3 1/3
Xx=1 0 1/3
Compute:

1) The entropies H(X), H())

i) The conditional entropies H(X{y), H(}X)
1ii) The joint entropy H(X,))

iv) The mutual information £X )

v) Draw a Venn diagram for the above quantities.
[10]

b) A fair coin is flipped until the first head occurs. Let X denote the number of flips
required. Find the entropy H(X) in bits. The following equalities may be useful.

@

ir" e Zm‘": E |rl<l.

n=1 I=r n=1 (1 i ?’)2

(10]

c) Let p(x,)) be the joint probability distribution of random variables Xand y. Show
that the mutual information X(X;)) is always nonnegative. State the condition
when [x,y) = 0. You may assume without proof that the relative entropy

D(pllg)=) 708, (%] >0 where p=[p1, p2, -..] and g =[g1, ¢z, ..]" are

two arbitrary probability mass vectors.

(3]
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a) Consider the source code {10, 01, 0010, 0111} of four symbols.
i) Is it non-singular? Why?
i) Is it uniquely decodable? Why?
iii) Is it instantaneous? Why?
iv) Does it satisfy the Kraft inequality? Why?

[10]
b) Consider the probability distribution of a random variable X.

X X XK X X X X
049 0.26 0.12 0.04 0.04 0.03 0.02

i) Find a binary Huffman code for X.
ii) Find the expected code length for this code.

[10]
c) Lempel-Ziv coding. Give the LZ78 parsing and encoding of the following
sequence:
00000011010100000110101
[Note: For this question, you will see less than 15 phrases; so ALWAYS use four
bits to represent the location of a phrase. Do not worry about how to save such
bits.]
(3]
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a) Consider the binary erasure channel shown in Fig. 3.1.
1-
0 A 0
X 2y
f
1 1
1-f

Fig. 3.1. Binary erasure channel.

Justify each step of the following derivation:
106Y)=HO) - H(XY)
2 H) - ply =0)x0- p(y =DH(x)~ p(y =Dx0
2H) - HOOf == HHE)

(4)
<1-f
What is the capacity of this channel and what is the input distribution achieving
the capacity?
[10]
b) Calculate the capacity of the following channels with forward probability
transition matrix
/3 183 13
i) 0=[1/3 1/3 1/3| x,ye{0,1,2}
1/3 313 1l3

172 1/2 0 0
5 0o w212 0| L 0isg
11 = s dy =y
2=\ o o 1/2 12| ©Y€

/2 0 0 1/2
[10]

c) Consider the channel y= xzwhere X (the input) and Zare independent binary
random variables that take on values 0 and 1. Zis Bernoulli(a), i.e. P(z=1)=a.
Find the capacity of this channel and the corresponding distribution on X.

[5]
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Consider the discrete-time additive noise channel of Fig. 4.1. Xxand yare continuous
signals discrete in time and the zero-mean noise Zis independent, identically distributed
and is independent of x.

Z

X Y
- —>

Figure 4.1 Discrete-time additive channel.

a) The power of Xis P and the variance of zis N. When the noise Zis Gaussian,
justify each step of the following derivation.

M @
1Y) =h(y)-h(y | X) = h(y) - h(X +Z| X)

& (@)
=h(y)-hZ|X)=h(y)-h2)
©)
<Ylog, 2rwe( P+ N)-":log, 2zeN
© 1] P
=Elog2[l+¥]

And give the channel capacity C and the corresponding input distribution.

[10]
b) Consider an expected output power constraint [y 2] = P. If the variance of Zis still N,
find the channel capacity.
(5]
c) Parallel channels and waterfilling. Consider the following three parallel Gaussian
channels
y 1 X] Z 1
Vo |=| X2 |t 22
y 3 XS Z3
where
Z of 0 O
z,|~N|0| 0 o O
z, 0 0 o
with a power constraint E(x? + X3 +X;) <3P . Assume that o} 2 o’ >0?. At what
power does the channel behave like
i) a single channel with noise variance o3 ?
if) a pair of channels with noise variances o} and 077
iii) three channels with noise variances o2, o-,and o} ?
iv) find the channel capacities for cases i), ii), and iii).
[10]
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a) Consider a two-user multiple access Gaussian channel with reference to Fig.5.1.

' c(’:‘”) C(TJ:L) "
Fig. 5.1. Capacity region of multi-access channel.

1) Describe the capacity region of this channel. Interpret the corner points
(i.e., why can one of the users achieve the full capacity of a single-user
channel as if the other user were absent?)

ii) Verify the following equality for the corner point:

c[i)w b =C[R+Pz]
v) T\ B+N N

where C(x) is the capacity function.

(10]
b) . Slepian-Wolf region for binary sources. Let X; be i.i.d. where P(x;=0)=p and
P(x=1)=1-p.Let Zbei.id. where P(Z=0)=1-rand P(Z= 1)=r,andletZ
be independent of X. Finally, let y= x®2Z Let Xbe described at rate R; and ¥ be
described at rate R,: What region of rates allows recovery of X, y with probability
of error tending to zero? Sketch the Slepian-Wolf region.
[10]
c) Consider a two-user scalar Gaussian broadcast channel
yi=X+4
Y, =X+2,
where 2, and 2 are independent Gaussian random variables with power V; and
N (N; < N,), respectively. The capacity region is given by
rR<c|?f|  m=<c Lt geawl
N, aP+N,
Sketch the region. What is the maximum sum rate R+R,? Interpret your result.
: [3]
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Consider discrete-valued random vectors X and Y of length n where each pair (X, )) is
drawn i.i.d. from the joint probability distribution function p o{x,»). The jointly typical set
J is the set of vector pairs satisfying the following conditions:

e ={x,y : |—n" log, p, (%) — H(X)| £8;
|-nlog, p, (V) - H (J/)| <e,
|-n7 log, py (x¥) - H(X,Y)| <&}

where p,(x) and py(x) are the probability distribution functions of X and ; respectively.
Since the sequences are i.i.d., the probability p, (x) = H:zl p,(x) and p,(x) and

P, (x,y) can be written in a similar fashion.
a) Show the size of J\” satisfies

(1~ g)zn(mx‘y)..g} '"ZV.: 1_}'(”} < 2M[H(x.)’)+c]
a =

by justifying each step (1) to (5) in the following derivation:

n>N,

Q)
1-e < Y py)<|e

(m
xye”

2—n{H(x,yj—s]

@
max p(x,y) <[/
%yedg

2—"(H(X-Y}+€]

J'(._ﬂ) Ji.ﬂ)

3) () . (5)
12 Y p(xy)z|J/"| min p(%y)2
xyeSy

Xy EJ'{.”

[10]

b) Suppose the joint distribution px/(x.y) is given by

PfX:Y) y=0 i ins,
x=0 0.45 0.05
x=1 0.05 0.45

(X, /1), (X5 JB), s (X, V) are drawn i.i.d from the above distribution.
1) Of the 2" possible sequences x of length 7, how many of them are in the typical

set A" (X)= {Ju{:l—n'1 log, p, (%) — H(X)I <¢)} for e=0.17

ii) Of the 2" possible sequences y of length , how many of them are in the typical
set A" (y)={y: |—n'1 log, py(y)—H(y)l <g} for £=0.17

iii) Explain why p(%y)=2"(1- p)"" p* where k is the number of places where the

two sequences x and y differ, and p = 0.1.
iv) Now suppose 7 = 10. Determine the size and probability of the jointly typical set

J" for £=0.1.
[15]
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47 Hix)= 2 jz = Z r2 2 =2 bots
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Z.

&)
1) It s mn*sa‘r»éuta.r, becanse The codowords are drﬁemﬂt. B3

(1) It s M:‘%keij decodable , hecawse The s‘f:rfras d‘f ccdowods are

Mf{me : [3E]

1if) It is 7nstomtaneous, becowse. o codoword s o« ];ruf(‘?g? ,,TL
ot her code word$ -

[2E]
). Yes. [3E]
2 5 2 - =
YT ettgrg= 7 <l
b )) Bgf—k ore covveet - [§E]
s
X 049 0.49 0.49 o.¢f 0. 47 o.4f ir | 0
%2 0 .2b 0.2b 0.26 o-26 0-26 Tb.g{ .r_. | O
X3 0.2 02 012 — 0.15-_{_ 110
% ook pof L 503 -*27—-»-,; 1 i,
X 004 0-0f / 0.0 5 L [ {of

Y, o4 0-¢9 o0.&f 0. ¢ 0-¢9

o
S = | /
Xin J-)é o-}é 0'3-6 0-26 026 ¥¢7f 00
K’; o2 0.2 o2 %{3 j__)ﬂ-zg! 0//
Yo oo 05 C’-oscj 02 [ 0/000
o

LT 0-"5‘%0-6 o) 00
N 003> 6.0

D/ e/o
%1 0.0zl

0ro/y

1) / = ZP('X;},Q(’({) = X049+ 2X0.26+ 3 xo0.02 + bx 0.3 12E]

=. 2.l



R 2

£ [5€)}
FO‘-"SFLS: 0)00) 000;’}(0/ |0[;0000" 0’)’0’0}’ E"j
Theve ave (o FMM&S, So we need 4 bits T V7” e
locations. .
Z;J’tCodf : (0000, o), Cood, o), (00{‘9’ 0), (0009,17, (0(00,0)

(olel, 1), (©0f,0), (oool, 1), (ollo,p) , (0209 ])
[33



\ hon (28]
&) ¢ c(ajifn.:tum N

28]
() H{Xiy) = Z_chlyzz} erofy
1 [231
algebra
(3) j -
(4) Hx) <
(>8]
C = 1-f

This is ackreved ,‘f HI =1, je., X is uniformiy  distr; buted.

b) )
[ ) ffhce the. channel Ts sjmmb(‘ric, [5E]
C = logl7] - H(@,)
= log3 = Hes, 3.3)
in tc»j 3 -~ 3x3 tog 3

=0
f: f‘ ) /Jja{‘jtf -ﬁ/‘L{? r'-'}' & ymmexth‘c. ¢ J\d.nne/ﬁ , 7/!.{.(4 [5 EJ
£ = (ﬁjl‘/f = H(&’r,-‘)
= 174 - HCi, 3,0 0)
= toj# — Hed)
= |
¢) let pixsrz=p  Then Pey=n= plx=, z=1) [5A]
'—‘-PQX:I)P(Z::) = af (]
P(y:o):. (—-—1/) '
Tex: y> = Hty) = Hiylx)

-

= Htap) = H(y{x:o)/pcx:o) — Hty|x=0 plx=t)

= Heapy =0 = Hlxz| X=1) ptx=1) Y=o if X=0
= Hfafy) - H(z[Xx=>)pX=1)
= HCOLPJ = H(z)/pcx:;) Xord 7 ;usz

4 L2
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o
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— _F{—___ = /) H ot
H(f¥+| ) a 6% +1) “



a)

() . dﬂjffm‘t?f\ (18]
(2) Y= XtZ Ct &J
(1) tronslotion doesu't  ehong2 Jf:ffe.vehkf‘m'\ o,utw]vy (28]
C¢) X . Z ?u,lzfmuw’t' [28]

C 5} Given Ehe /?vwe.y, Goussian  AisEribuntiom Aas men Xl lem

entrpy W’vfy 07* Bansirex Bp [28]
(6) afja}ra [28]
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A
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2
Fl ) = 2 01-:0—; L3
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'”) Tkru:_ C-(M?w\he,LS %5 M./L\e,y)

1)

2 2 1 T Tt

3P > 200- W -Gy - :

3P= v- G+ J-G+ V-G 0‘."|q—* !

'Ival

> Wt TG+ G : L
7 4= T I;L‘r; = P G+ Gt 03

3
F{':'-'lf* o= P-f— 0‘71*'0—31’2071'
2
P;': (v\“qi't. - P . 0_;1-4_0_32.‘_’20_"1,

2 1 2
- L Oy t0> -20;
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IIZl“f' Rz <C @%ﬁl>

At +he corner Foiwz,‘, the decoder decedes one user f;’rn‘/
tTaat[? the otheyr wser oA roise, [hus, T achiees role.

R| [P ‘f*A/) /the—r M} The decoder Subtre s Dﬁ wser ]{ MM;K(}’ :
2
Uger 2 75 oYy 5""'{/\'3"(_ b noirse. Thus, it ceua achiewe raZe

Ky 8 & [»-::7) This 5L‘ruf§j/ 75 oolled Successive ?n.z‘uferuc{.

Capcellofion or " Oniom fee/é.'»g !

i)

PHI/)

=g I (”L )+ Lyl )

- 1 [o Pt’f‘ﬁ/ PfT‘f;‘f‘ﬁ/
T B ( Vo Py
= -D_L {j (Pl“f"?‘&f‘}/ )

= 1 (e )

= ?r'f‘?z
Cl

b) S(e]o;aafwotf reg ion
R, > H(Xly)
Ry > HOYIX)
RitR. > HX,y)

We }1,8-'?0( ‘o Calcuwlete The Mv}ie,j.

;

[5E]

[5A]

(2]

[2]



X = Bernoulll Cf) = H) = H(F) 6)5-

Y= X®©z, Zz=Prrllica) = Y= Berrolli Cpxr)
Where f*r‘ = }DCI—r) Frd-p)
Hly) = H(Ja#r) T

L3]
H(X,y) = HUX, x0z) = ¢ XZ) = HWX)+ Htz) ;uLaT;eulehce
= H(pI)+ Her).
e [54]

HEYIX) = H(X0z|x) = H(Z[x) = H(z) = Hc;a)

Hex(y) = HX,y) - H(Y) = H(pr+ Her) = Hiprr ).

ep/an— We redy Rz “
pswf g g //4/2 1

Hylx)

Rut Re € CLF) +eCan) 3 Al
_— hj(d?;f’- “L",ffj,’ﬁ”
= & by (L5 . 2pem [2A]
AR B e e O
= 4 Lo (H %,) Bt el power fo Wer ], the

cf better wufery
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V) '])cx,J) 2 r}?} Pc'z,j) (28]
[1&
{3—) Max P(’x"'\y) < 2._)1(}-40517) —£) j
JECH
(3) To tal Probub-'cr‘y conld 't be (de,r than |1 [2B]
(‘H C"ij) > min fc'(;j) [ 28]
F chu
[1]3]

(5)  min pexy) 7 ~n lenyte)

Js,c”
b)) From the jomt d3tibution, we Can derive AT X and

we 1.0.d. 5’e§,ae.ute,5 with distr'butim
/7(%:0) = F(_x =) = "-L;_
E?(j:‘-o):. Fl‘\tj:[):_ J:L f4_A]
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pex) = (é)m(é)am = (é)h m: the number af' omes

Thus, f i -
_?[i}pm() = -7 117 (3) = = HX)
n

_{—LL‘Q' 2 » IHA/( 2 3 2n (Q,s oxe. rh t‘\Q_. b. ’ Fl‘ D-‘ S&t
A C%(A c .
]3 f[]

[I) HCy ) =
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. K6
iil) From +he Joiw‘x‘ distribution, we deduce that™ I;A]

-k
P(wc,g): 045" 0‘05“

Wheve ks the number ujL FLM&S where They drﬁw, [t con

be. yvewrtten af

R n-k
?szj) = 2 (-p) yk

W) Hix, o= 467 [5A]

{ -n n- n-k
'_'][r-'L loj pexry) = -y {17"2 G__T} k?kj = Ja ’lﬁ‘[‘j{l"f) ?k]
C‘X;J) s Z>f}:r‘€w( ff /—f(?.’;j) o T 'i l,y pxiy) < HCX:J) 2 E_} _z‘,e,/D]

0.36] < "ély[ﬂ'?)”kpk} < 0.56]

= il i % / %
k| E) ] ot | helep] | e [
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e - T
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